Previous laboratory measurements on drag of tandem rigid bodies moving in viscous incompressible fluids found that a following body experienced less drag than a leading one. Very recently a laboratory experiment [52] with deformable bodies (rubble threads) revealed just the opposite -the leading body had less drag than the following one. The Reynolds numbers in the experiment [52] were around 10 4 . To find out how this qualitatively different phenomenon may depend on the Reynolds number, a series of numerical simulations are designed and performed on the interaction of a pair of tandem flexible flags separated by a dimensionless vertical distance (0 ≤ D ≤ 5.5) in a flowing viscous incompressible fluid at lower Reynolds numbers (40 ≤ Re ≤ 220) using the immersed boundary (IB) method. The dimensionless bending rigidityK b and dimensionless flag mass densityM used in our work are as follows: 8.6 × 10 −5 ≤K b ≤ 1.8 × 10 −3 , 0.8 ≤M ≤ 1.0. We obtain an interesting result within these ranges of dimensionless parameters: when Re is large enough so that the flapping of the two flags is self-sustained, the leading flag has less drag than the following one; when Re is small enough so that the flags maintain two nearly static line segments aligned with the mainstream flow, the following flag has less drag than the leading one. The transitional range of Re separating the two differing phenomena depends on the value ofK b . With Re in this range, both the flapping and static states are observed depending on the separation distance D. When D is small enough, the flags are in the static state and the following flag has less drag; When D is large enough the flags are in the constant flapping state and the leading flag has less drag. The critical value of D depends onK b .
the flexible-structure-fluid-interaction may possess some differing features in contrast with the rigid-body-fluid-interaction. A few such examples were already illustrated in the literature: the bistability of a 1D flag in a 2D wind [64] , the drag reduction of a flexible fiber in a moving viscous flow [1, 68] , the spontaneous oscillations of heavy flags in flowing water [53] , the flutter of a flag induced by fluid flow [3] , and the flapping dynamics of a flag in a uniform stream [4] . Here in this paper we report another such instance in a more complex setting -two tandem flexible bodies interacting in an incompressible viscous flow.
The presence of multiple deformable objects in a moving viscous fluid complicates the problem further because the deformable objects may interact one another through the ambient moving fluid (sometimes even through direct contact). Some of such examples include: fish schooling in the ocean, birds flocking in the sky, and red blood cells aggregating in the flowing blood in human blood vessels. Much research has been done under this direction. Liao et al. [37] demonstrated how a trout might exploit the vortices to reduce the cost of locomotion in the wake of a stationary object in a water flow. Bill and Herrnkind [7] investigated the drag reduction induced by formation movement of spiny lobsters. Fauci [20] investigated the interaction of oscillating elastic filaments. Zhu and Peskin [66] studied the synchronization of two interacting elastic parallel filaments. Zhu and Chin [67] simulated the interaction of multiple flexible fibers with a pulsatile viscous flow. Farnell [19] studied the coupled states of flapping flags. Jia et al. [30] studied theoretically and experimentally various coupling modes between two flapping filaments. Dong and Lu [16] investigated the characteristics of flows past multiple waving flexible foils. Qi and Shyy [51] simulated the dynamics of free falling of multiple flexible fibers in moderate Re flows. Here we shall discuss simulations of two interacting deformable flags placed in tandem in a moving viscous fluid.
The direct motivation of our work is a recent interesting laboratory experiment on two tandem flapping rubber threads in a 2D viscous flow reported by Ristroph and Zhang [52] . The experiment was conducted in a flow tunnel bounded by two rigid nylon wires with two ends attached to a lifted discharging container of soapy water, and the other two ends attached to a receiving container on the ground. With the switch being turned on, the soapy water flowed down due to gravity along the two wires and formed a thin layer of flowing soap film. Two flexible rubble threads were introduced in tandem at the center of the tunnel with only their upstream tips fixed. The two threads were separated by a vertical distance D that could be varied. The laboratory measurements revealed that the drag of the downstream flag was greater than that of the upstream flag. This result was surprising because the previous experiments with tandem rigid cylinders [34] , racecars [57] , and energetics of bicyclists [35] had found the opposite: the drag of a trailing object was less than that of a leading one. Presumably this is because the objects in the recent experiment were deformable and those in the previous experiments were rigid. See detailed explanations in the Section of major simulation results.
The Reynolds numbers (Re) in the laboratory experiment were around 10 4 . In both the laboratory experiment and our simulations, Re is defined as
U L ν
, where U is the inflow speed at the inlet, L is the total length of the flags (all the flags are of equal length), ν is the fluid kinematic viscosity. To find out how this qualitatively different phenomenon may depend on the Reynolds number, we design and perform a series of numerical simulations on the interaction of two tandem flags separated by a varying distance (0 ≤ D ≤ 5.5) with a flowing viscous incompressible flow at lower Re (in the range [40, 220] ) using the immersed boundary (IB) method [65, 67] . In addition to the Reynolds number, two more important dimensionless parameters are introduced: the dimensionless flag bending rigidityK b and dimensionless flag mass densityM which are defined asK b =
, respectively. Here K b is the dimensional flag bending rigidity and M is the mass density of the flag. The numberK b characterizes the relative importance between the fluid kinematic energy and the flag elastic potential energy. A smaller value ofK b implies a more flexible flag. The numberM characterizes the relative importance between the fluid inertia and the flag inertia. The values of these parameters used in our work are: 8.6 × 10 −5 ≤K b ≤ 8.6 × 10 −3 and 0.8 ≤M ≤ 1.0. The flags are not neutrally buoyant in the fluid, instead they are heavier than the fluid. Therefore the multigrid version of the IB method [65, 67] which can handle massive boundaries are used in our work. For more references on the IB method the readers are referred to the following articles: [48, 21, 23, 49, 22, 56, 36, 50, 58, 45, 24, 2, 46, 60, 31, 8] . For other relevant numerical methods for fluid-structure-interaction, see the references below and therein: the immersed interface method [38, 39, 40, 41] , the immersed finite element method [63, 42] , the immersed continuum method [59, 60] , the level set method [28, 13, 62, 14] , the material point method [54, 55] , the fictitious domain method [25, 26, 27] , the ghost fluid method [32, 33] , and the Arbitrary Lagrangian Eulerian method [29, 15] .
Our numerical simulations reveal an interesting result: when Re is high enough such that the flapping of the flags is self-sustained, the "inverted" hydrodynamic drafting 1 is observed, i.e., the drag of the trailing flag is always greater than that of the leading one; when Re is small enough such that the flapping of the flags is not self-sustained (the flags become two static straight segments aligned with the flow after the initial disturbances die out), the hydrodynamic drafting is observed, i.e. the drag of the trailing flag is always less than that of the leading one. The transitional range of the Reynolds number separating these two qualitatively differing scenarios is found to be dependent of the dimensionless bending rigidityK b . When the Re falls in such a range, the two flags can stay at either of the two states: the straight static state (hydrodynamic drafting) when D is sufficiently small; the self-sustained flapping state (inverted hydrodynamic drafting) when D is sufficiently large. The critical separation distance D c is dependent ofK b . The ranges of the transitional Reynolds number Re t and the critical distance D c are determined for two values of the bending modulus through simulations.
In this paper we demonstrate and discuss such three typical cases: the first corresponds to the sustained flapping case (Re = 165, "inverted" drafting); the second corresponds to the static straight case (Re = 70, drafting); the third corresponds to the transition case with Re = 80.
The remainder of the article is as follows: Section II addresses a model problem inspired by the laboratory experiment conducted in [52] . Section III gives the corresponding IB mathematical formulation for the model problem. Section IV briefly talks about the discretization and solution method of the mathematical formulation. Section V discusses the details of the simulation results. Section VI concludes the article with a summary and discussion.
II. A model problem
Idealized and simplified from the laboratory experiment [52] , a model problem is set up as follows for the study of fluid-deformable-flag-interaction. (See Fig. 1 for a diagram.) We consider a viscous incompressible flow past a pair of flexible flags placed in tandem at the center of a 2D rectangular domain with aspect ratio 2:1 (height to width). The fluid is Newtonian, and the flags are linear elastic. The fluid is driven by gravity and flows from top to bottom (along the negative direction of y-axis). The same velocity profile (i.e. the initial velocity evaluated on a fixed y-coordinate) is specified at the inlet and outlet boundary (top and bottom). The no-slip condition is used on the two side rigid walls (left and right, i.e., x-direction). The upstream two tips of the two flags are fixed, and no other parts are restricted. The pair of flags is separated by a distance D along y-direction between the free-tip of the upper flag and the fixed-tip of the lower flag which is measured when the flags are static and straight. No separation distance is allowed along the x-direction. The initial velocity is the velocity field that satisfies the steady viscous incompressible Navier-Stokes equations with two external forcing terms (gravity and air drag) on a 2D rectangular domain (finite width and infinite height) using the no-slip condition on the two side boundaries.
III. The IB mathematical formulation
The IB method we employ for our fluid-flexible-flag problem is the version described in [65, 67] . The IB mathematical formulation for our model problem is nondimensionalized by three reference quantities (the inflow speed U, the fluid mass density ρ 0 and the flag length L). The dimensionless IB formulation in component form reads as follows:
In above equations, x and y are the Eulerian coordinates associated with the fixed computational domain, α is the Lagrangian coordinate associated with the moving flags, t is the time.
The ρ is Eulerian mass density of the fluid and the flags. The u and v are the components of the fluid velocity along x and y axes, respectively. The p is pressure, Re is the Reynolds number. The f x and f y are the components of the Eulerian force density along x and y axes, respectively, which are associated with the forces applied by the flags to the surrounding fluid. The λ is the dimensionless air drag coefficient and γ is the dimensionless gravitational constant, both of which happen to be the reciprocal of the Froude number F r for our problem after nondimensionalization:
, where the Froude number F r = U 2 gL , here g is the dimensional gravitational acceleration constant. The symbol Γ represents the flags, and the symbol Ω represents the 2D fluid domain (the rectangle with an aspect ratio of 2:1). The Eulerian mass density ρ is computed by Eq. 4 whereM is the difference in mass density of the flag and the fluid, and δ is the Dirac delta function. The Eulerian force density is computed by Eqs. 5 and 6 where E is the elastic potential energy density associated with the flags, and X and Y are the Eulerian coordinates (x and y components respectively) of the flags whose associated Lagrangian coordinate is α. The elastic energy stored in the flags is generated by stretching/compression (the first term in Eq.7) and bending (the second term in Eq. 7). Herê K s andK b are the stretching/compression coefficient and bending modulus of the flags. The flag position (X,Y) is updated by Eqs. 8 and 9.
IV. Discretization of the IB formulation
The above IB formulation (Eqs. 1-9) is discretized by a finite difference method on a series of gradually coarsened fixed grids. Because the mass density ρ(x, t) varies with space and time in our case, the discrete FFT frequently utilized by the IB method is no longer appropriate. Instead, a geometrical multigrid method (seven-gird V-cycle) is employed to solve the formulation. The finest grid has a resolution of 256 (x-direction) by 512 (y-direction) grid points, the coarsest grid has a resolution of 4 by 8 grid points. Each of the flags is represented by a collection of 116 moving Lagrangian points. The Navier-Stokes equations are discretized by Chorin's projection method [11, 12] generalized to the case of variable mass density. We refer readers interested in this method to the following papers and references therein: [5, 6, 9, 17, 18, 47, 44, 10, 43] . The nonlinear term is linearized by taking advantage of the velocity field at the previous time step, and the skew-symmetrical scheme is used for its discretization. The immersed boundary force is computed explicitly. The time derivative is discretized by the forward Euler scheme and the spatial derivatives are discretized by the centered difference scheme. The Dirac delta function is approximated by the 4-point δ h involving the cosine function [50] . The δ h is defined at each discrete point of the flags, and has a support of a square consisting of 4 by 4 fixed Eulerian grid points. See [65, 67] for details of the discretization and the solution processes.
V. Major Numerical Results
Before the numerical results are discussed, we would like to address how the drag is defined and computed in our simulations. The drag of the tethered flag is defined as the integral of the y-component (vertical) force applied by the fluid to the flag along the flag. In the immersed boundary method, the instantaneous drag (D f ) each tethered flag experiences can be conveniently computed as the y-component of the tension at the flag tethered point. The reason is as follows. In the IB method the flag is represented by a collection of Lagrangian moving points. The upper flag endpoint is tethered to a fixed Eulerian point (i.e. its coordinates are constant depending on where the flag is tethered) by a stiff virtual spring. The dimensionless spring stiffness (defined as
where the K is the dimensional spring constant) is chosen to be very large (1.2 × 10 7 in our case) such that the maximum of |d| (d is the displacement of the flag upper endpoint) is nearly zero (less than or equal to 0.1% of the flag total length in our case). Thus the flag is almost "fixed" to the Eulerian point. The tension at the "fixed" flag endpoint equals the product of the displacement and the spring stiffness. By the Newton's second law, this tension is just equal to the summation of the forces applied by the fluid to the flag defined at all the flag Lagrangian points because the flag mass is spread to the fluid and enters into the Navier-Stokes equations.
Because the flow is unsteady, the instantaneous drag D f varies with time. To remove the unsteadiness in the instantaneous drag, an averaged drag (D) is computed as a time average over N equally spaced instants between time T 1 and T 2 . The T 1 and T 2 are the beginning and ending instants of drag average, respectively. The time T 1 is chosen such that the initial disturbances on the flags have died out and the flags have reached either a self-sustained flapping state or a stationary state. The values of T 2 and N are chosen arbitrarily. In this work N = 400, T 1 = 10,
A series of simulations are performed on two tandem interacting flags separated by a varying distance D immersed in a moving viscous fluid with Reynolds number in the range [40, 220] . The dimensionless parameters used for this work are as follows: the fluid density ρ 0 =1.0, the flag length L=1.0, the inflow speed U = 1.0, the flag mass densityM = 0.8 -1.0, the flag bending modulusK b = 8.6 × 10 −5 − 8.6 × 10 −3 , the stretching coefficientK s = 8.2 × 10 7 , the Froude F r = 24.7, the Reynolds number Re = 40 -220, the flag vertical separation D = 0 -5.5, the width and height of the computational domain is 5 and 10, respectively.
We find an interesting result on the drag of the two flags: when Re is sufficiently high such that the two flags flutter sustainedly, the drag of the leading flag is always less than the trailing flag (i.e. the leading flag enjoys a drag reduction); when Re is sufficiently small such that the flags maintain two static line segments in the flowing fluid after the initial oscillation is completely damped, the drag of the leading flag is always greater than the trailing flag (i.e. the trailing flag enjoys a drag reduction). The transitional range of the Reynolds number separating these differing behavior is found to be dependent of the flag bending rigidityK b . For Re in such a range, the motion and drag of the flags depend on a critical separation distance D c : when D < D c , the flags settle down to a straight static state after the initial disturbances die out and the downstream flag has less drag than the upstream flag; when D > D c , the two flags settle down to a self-sustained flapping state and the upstream flag has less drag than the downstream one. The value of D c varies withK b . The intervals of Re t and D c are determined via computations for two typical values ofK b .
In this paper we demonstrate three typical such cases: a fluttering case with Re = 165, a stationary case with Re =70, and a transition case with Re =80. For the three cases all the parameters except Re are the same. The flag mass densityM = 0.87, the flag bending moduluŝ 
While the larger flapping amplitude of the lower flag is responsible for the greater drag it experiences, it is not apparent why the lower flag would have a larger flapping amplitude than the upper flag. A mathematical explanation seems to be out of question given the complexity of the non-linear system that governs the problem at finite Reynold numbers. An intuitive physical explanation is offered as follows. The flags are passive and they simply follow the motion of the surrounding fluid because of fluid viscosity. While a majority of the upstream flag is surrounded by a nearly uniform flow the downstream flag is entirely immersed in the wake of the upstream flag. The flapping motion of the upper flag generates a disturbed vortex-embedded wake which oscillates with the upper flag (as can be seen from a simulation animation). The oscillatory wake is beneficial to the flapping motion of the downstream flag. This may explain why the downstream flag has a broader flapping amplitude than the upstream one. figure. ) Consequentially the wake is wider and shed vortices are much closer to being circular compared to the D = 0 case. Also the shed vortices are more or less discrete rather than somewhat attached to one another in the previous case. Now let us look at a typical non-flapping case with Re = 70. Fig. 6 and Fig. 7 display some typical results when self-sustained fluttering no longer occur. Fig. 6 plots the drag of the two flags versus the separation distance. All the symbols used for this figure are the same as those used in Fig. 2 . Interestingly we see that the drag of the leading flag is always greater than that of the trailing one for the range of D in [0, 5.5]. Compared to the single-flag case, both of the flags enjoy a drag reduction, and the total drag is less than 2 for all the separation distance. This result is in sharp contrast with the fluttering case, and is in agreement with previous results for rigid bodies [34, 57, 35] . Notice that the drag of the trailing flag gradually increases with the increase of separation distance and appear to converge to the drag of the leading one, which is not seen at the higher Re flapping case. This seems to suggest that the interaction of the two flags at lower Re is weaker in general. The weakening appears to be caused by the increased damping viscous force as Re is decreased.
Presumably the vanishing self-sustained flapping for a fixed value ofK b is caused by the decreasing of Re which renders the viscous force more and more important than the inertial force. The dominating viscous force causes damping of the flag oscillation and makes the flapping not sustainable. Because the flags remain nearly straight aligned with the flow, the shape drag is not significant. The drag the flag bears is mainly the viscous force acting on the flags which is proportional to the magnitude of velocity gradient ∂v ∂x (velocity u = (u, v)) on the flags. The downstream flag is surrounded by the wake of the upstream flag where the vertical momentum is decreased compared to the upstream flag whose upper part is enclosed by the uniform oncoming flow. Noticing the no-slip boundary condition on the flags, the velocity gradient magnitude | ∂v ∂x | is therefore smaller for the downstream flag than the upstream one. As a consequence the drag is reduced for the downstream flag. Note that the mechanism of hydrodynamic drafting for the flags in the static case is different from that in [34, 57, 35] . The physics of the hydrodynamic drafting observed in [34, 57, 35] may be as follows. The trailing body is submerged in the wake of the leading one where the pressure is reduced. The reduced pressure on the front of the trailing body (in contrast with the pressure on the front of the leading body) causes the reduction of the form drag for the trailing body. The skin friction for the two bodies is roughly the same. Therefore the total drag of the trailing body is reduced compared to the leading one. In the case of two flapping flags, the downstream flag is nearly aligned with the wake (rather than somewhat lateral to the wake as the bodies in [34, 57, 35] were). Both sides of it are exposed to low pressure in the wake. Therefore the above drafting mechanism does not apply to the flag case. Finally we address a typical transition case with Re = 80. Fig. 8 and Fig. 9 display some typical results. Fig. 8 plots the drag of the two flags versus the separation distance. All the symbols used for this figure are the same as those used in Fig. 2 . We can see from the figure that: when D is relatively small, the trailing flag has less drag than the leading flag and both flags experience a drag reduction compared to the single-flag case, therefore the total drag is less than 2; when D is larger, however, the leading flag has less drag than the trailing one and both flags experience a drag increase than in the single-flag case, therefore the total drag is greater than 2. It appears that the transition between these two scenarios is not gradual in D: it jumps from one to the other for some critical value of D in (0.7, 0.8). This may be explained as follows: there exist no other states for the two flags: either both flags flap sustainedly or both flags become static straight lines aligned with the main flow. In the former case, the leading flag has less drag; in the latter case, the trailing flag has less drag. Therefore the transition on the drag-distance plot shows a jump. One may argue that the following scenarios are also possible: the leading flag in the flapping state and the trailing flag in the static state; or the leading flag in the static state and the trailing flag in the flapping state. But according to our simulations, this is not the case. The reason may be as follows. When the leading flag flaps sustainedly, it generates a constantly oscillating wake which facilitates the flapping of the trailing flag embedded in the wake. Hence a constantly flapping leading flag causes the trailing flag to flap constantly as well. When the leading flag settles down into a static state, the wake behind it is non-oscillatory and much narrower than in the flapping case. This seems to restrict the flapping motion of the embedded trailing flag. Hence a static leading flag tends to make the trailing flag static as well. Note that in our problem the two flags are identical. Table 1 . The first row lists the value of the dimensionless bending modulus; the second row lists the transitional Re range; and the last row lists the interval where D c is located. As we can see from the Table, the Re t is not a linear function ofK b . WhenK b becomes ten times smaller, i.e. the flags are much more flexible, the Re transitional range becomes smaller accordingly (from [77, 84] to [45, 50] ). This may be explained by the fact that more flexible flags tend to flap more easily. The D c is located in (0.9, 1.0) . Note that the value of D c is approximately the total length of the flag. WhenK b becomes ten times lager, i.e. when the flags are much more stiff, the Re t range is above 220. This remains true whenK b ≥ 2.8 × 10 −3 . The IB method we used for this work cannot solve the N-S equations with a reasonable accuracy when Re is greater than a few hundreds, therefore we cannot find the Re transitional range and the corresponding value of D c whenK b is sufficiently large, i.e., K b ≥ 2.8 × 10 According to numerous simulations, it appears that for the self-sustained flapping to occur (for fixedK b ), the Reynolds number has to be sufficiently large so that the inertial force dominates the viscous force. On the other hand, when Re is sufficiently small, the viscous force dominates and renders the flapping not sustainable. When the Re lies in a transitional range, presumably the inertial force and viscous force are of the same order; and it seems that the secondary effect of the separation distance D starts to dominate the flag dynamics. Therefore the flags can either flap constantly or be straight and static depending on D. Our simulations indicate that this is true forK b in the range used in our work.
VI Summary and Discussion
Previous laboratory measurements with tandem rigid bodies moving in a viscous fluid showed that it was more beneficial to follow than to lead in terms of the resistance the bodies encountered in the moving fluid. However a very recent laboratory experiment with deformable bodies [52] revealed just the opposite. Inspired by this experiment at high Re, we conduct a series of numerical computations on the drag of a pair of deformable flags placed in tandem in a flowing viscous incompressible fluid at moderate Re in the range [40, 220] . Our simulations show that the drag relationship of the two flags depends on the Reynolds number. When Re is high enough, the two flags flap sustainedly, the drag of the leading flag is less than that of the following one (i.e., the inverted hydrodynamic drafting is observed); when Re is small enough, the flags maintain two stationary straight line segments, the drag of the following flag is less than the leading one (i.e. the hydrodynamic drafting is observed). These drag relationships hold for all the dimensionless parameters used in our work: separation distance 0 ≤ D ≤ 5. One may argue that the inverted hydrodynamic drafting observed in the recent experiments [52] and our simulations (the flapping case) is not surprising because the physical system in our problem is not the same as those in [34, 57, 35] . On the surface of it, tandem flapping flags, tandem circular cylinders, and queued racecars/bicyclists seem to be different problems. However, all of these problems involve the complicated coupled interaction between the viscous fluid and the objects. This type of fluid-structure interaction is characterized by the interplay of fluid forces, body inertia and elasticity. The dynamics is controlled by the three dimensionless parameters: Re,K b , andM. Therefore the differing phenomena may be explained by different values of these parameters. It seems that the inverted hydrodynamics drafting observed in the recent experiments and our simulations requires the immersed body be sufficiently flexible, i.e. K b has to be small enough. When the body is sufficiently flexible, the shape of the body may be changed by the fluid forces. In the meantime, the changing shape may alter the fluid motion as well. Such interaction mediated by the change of body shapes may generate new phenomena different from the rigid case where the body shapes are fixed.
Our simulations indicate that the similar phenomenon discovered in the laboratory experiment at high Re (∼ 10 4 ) occurs as well at lower Re in the range of [50, 220] . In the meantime we also notice some differences in the results between Ristroph & Zhang's and ours. First of all, the experimental values forK b andM were 2.3 × 10 −3 and 0.51, respectively. We find that flags with such values ofK b andM do not flap constantly for Re in [50, 220] : they always settle down to the static state. It is likely that this is because the Reynolds number is not high enough. Secondly, in the former work when Re was much higher the drag of each of the flags equaled approximately the drag of the single-flag case when D was greater than 5 (i.e. drag was approximately 1 when D ≥ 5). In our case, however, while the drag of the trailing flag approximately equals 1, the drag of the leading flag is apparently greater than 1 when D ≥ 5. Thirdly, in our case the lower flag also experiences a drag reduction when D = 0 and 0.1. But in Ristroph and Zhang's case, it did not happen. There could be two reasons behind these observed discrepancies. First of all, in the laboratory experiments the soap film was approximately 4.7 microns in thickness and the flag (rubber thread) was nearly 300 microns in diameter. So the actual physical problem in the experiments was a quasi-2D flow past a three-dimensional object. In contrast, in our simulations the flow is two-dimensional and the flags are one-dimensional flexible curves without volume which are totally immersed in the flow. Secondly, The Reynolds numbers in our simulations are approximately 200 times less than those in the experiments. Because of the high Re the flow in the laboratory experiments was probably turbulent. In our simulations the Reynolds numbers are significantly lower. The velocity field from our simulations at Re = 220 does not show any fluctuations in space and time (the plots of u(x, y, t) are not highly oscillatory in x, y, and t). This seems to suggest that the flows in our simulations are laminar. Therefore it seems unlikely that the critical Re t found in our work would correspond to a transition from laminar to turbulent when Re is increased from 40 to 220. Note that our numerical method for the Navier-Stokes equations is independent of the nature of the flow as long as the Re is roughly less than a couple of hundred.
The uncertain nature of the flow does not affect the accuracy of our numerical results.
The drag of the flag may be roughly classified into two categories: form drag and skinfriction drag (here the induced drag is treated as part of the form drag). The friction drag is defined as the y-component of the total force due to the tangential stress exerted by the fluid on the flag. It is caused by the fluid viscosity. The form drag is defined as the y-component of the resultant pressure difference on the leading and trailing edges of the flag (in flapping case). It strongly depends on the shape of the flag. Presumably the form drag dominates the total drag if the Reynolds number is large enough and the skin-friction drag dominates the total drag if the Reynolds number is small enough. The ratio of the form drag over the skin-friction drag signifies the relative importance of the two types of drag. While in the non-flapping case the flags are nearly stationary and the shape drag is not thought to be important, it seems that both the shape and friction drag are important in the flapping case. It would be interesting to compute separately the two types of drag for the flapping case. However we did not obtain such a decomposition sufficiently accurately. Interested readers may refer to a very recent publication by Williams et al. [61] for how this may be done.
We may speculate that when the separation distance D is sufficiently large the interaction between the two flags would become so weak that the drag of each flag would equal to 1. When Re is very high, the critical D is approximately 5 [52] . It appears that the critical value of D depends on Re and is larger at lower Re. Because of limitations in the size of the computational domain (increase of the size has to be accompanied by the increase of grid points), we are not able to identify such values for D at lower Reynolds numbers.
Our work has focused on the interaction and the resultant drag relationship of two tandem flags separated by a distance solely in the longitudinal direction (y-direction). Presumably a finite lateral separation distance may change the interaction between the flags and alter the drag relationship. It would be an interesting piece of future work to investigate the interaction and drag relationship of two flags separated in both longitudinal and lateral directions.
There are three important dimensionless parameters in our problem: the Reynolds number Re, the flag bending modulusK b , and the flag mass densityM. (In all of our simulations the flag stretching/compression coefficientK s and the Froude number F r are kept fixed. TheK s is chosen such that the flags are almost inextensible. It is assumed that the influence ofK s and F r are not important.) Presumably the drag relationship would depend on these dimensionless parameters. The results of our work are based on the simulations with these parameters in certain ranges: Re in [40, 220] 
Because of these three controlling dimensionless parameters the seemingly simple two-flag-fluid system is in fact quite complicated in nature. There may exist other transitions corresponding to the critical values of other parameters such asK b . To obtain a comprehensive understanding of this system, we need a complete picture of the transitions associated with each critical value of these dimensionless parameters. It would be interesting to explore the whole 3D parameter space (Re,K b ,M ) for an exhaustive parametric study. However this is out of question at the time being because the computations are pretty slow. Even a less ambitious task -a parametric study on the 2D (Re,K b ) half plane (Re ≤ 220) may well take more than one year to accomplish given the fastest computers at our dispose. We have to postpone this piece of work to the future.tions have made the paper better. The author thanks the USA National Science Foundation for the support under the research Grant DMS-0713718. 
